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Chapter 1

Functional Preliminaries

In this chapter, we will investigate the concepts used thhowt the weighted residual and
finite element methods. These concepts can be thought ofiginaiing from an area of
mathematics called functional analysis. This chapter tienided to familiarize the reader
with some concepts of functional analysis. Although, thepthr is not a complete review of
functional analysis, pertinent material is covered tovallor a complete understanding of the
material presented in this text. We will begin by recallingudject most engineering students
have seen in their junior or senior years, Fourier serieesgmtation of a function. We shall
investigate a property of these Fourier functions (sineasihe) used to construct the series,
namely orthogonality. We shall use another property ofd@Hesurier functions to develop a
concept of functional spaces. In each functional space hat define the concept of basis
functions and spanning functions. We shall study the catsceplinear independence and
completeness to force a set of functions to span a functapade. Using these concepts we
shall investigate two important function sets used in fieliement methods, Legendre and
Tchebychev polynomials. We shall use these polynomialtfans to expand any function
as a series. We shall develop a transformation matrix betwaeh of these polynomial sets
and a monomial set. Next we review a orthonormalization wettbver 100 years old yet
extremely powerful, Gram-Schmidt orthonormalization. ingsthis method, we may take
any basis functions and reorient these functions into a fsettbonormal basis functions.
Finally, one of the most powerful mathematical theoremb waspect to the weighted residual
and finite element method is presented, fire fundamental lemma of variational calculus
Studying this theorem, in the context of the next chapterseewhy the weighted residual
and finite element methods work so well.

1.1 Orthogonal Functions
Two functions are orthogonal if they obey the following tedaship:
[ 1@@ds=o (1)

These two functionsf (x) andg (x) are orthogonal in the range < x < x5. This property
is used in Fourier analysis to obtain a Fourier series reptason of a periodic function. We
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2 CHAPTER 1. FUNCTIONAL PRELIMINARIES

will use Fourier series representation of functions to atigate several properties of orthog-
onal functions. Given any functiofi(x), we may represent this function as a Fourier series
over the range-7 < = < 7 as,

f(x)= %ao + Z an cos (nx) + Z by, sin (nx) (1.2)

=1 n=1

whereuay, a,, andb,, are unknown constants. If we are able to find these consthatijnction
f () may be represented as a Fourier series. Orthogonality rdperty that makes finding
these constants possible. If we look at a set of integratiogiships, we will make use of the
following orthogonal relationships:

/ sin (ma) sin (nx) do = Tonm

—T

/ cos (mx) cos (nx) dez = monm

/7T sin (mx) cos (nx) de =0 (1.3)

—T

/ cos (mz)de =0
/ sin (max) dr =0

—T

From these relationships we notice several orthogonalitgitions, shown in the table below.

Orthogonality| Orthogonality
g (x) f(x) Condition Domain
sin (mz) | sin (nx) m#mn —r<z<mw
cos (mx) | cos(nx) m#n —rm<z<mT
sin (mz) | cos(nx) Always —r<z<m
1 cos (mx) Always —r<ax<T
1 sin (mx) Always —nm <<

As we shall see shortly, these orthogonality conditionsuesed to obtain a Fourier series
representation of a function over the range < = < . Any function, whether periodic
or not, may be represented as Fourier series over the range = < w. Although not
crucial to our development, this range limitation may be oeed by a simple coordinate
transformation:

T =cC1+ 2y (1.4)

This transformation may be used to map any domain back toathger-7 < = < 7w where
the Fourier series may be expressed. For example, if cdnstaequal tor and constant,
is 2 then our mapping would be,

r=m+2y (1.5)

As a result, the range of each domain would-be, < x < 7 and—7 < y < 0.
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1.1. ORTHOGONAL FUNCTIONS

Even Function (a,,,'s)

To find our constants,,, we multiply equation 1.2 byos (ma«) and integrate over the range

—nr<zx<m.

/7T f (z) cos (mzx) dx = /Tr cos (mx) %aod(ﬁ

+ / cos (mx) Z ay, cos (nx) dz

n=1
+ / cos (mx) Z by, sin (nx) dx
- n=1

Rearranging integrations and summations:

_: f (z) cos (mzx) de = % /_: cos (mx) dx

—— ——
=0 (Orthogonal)

+ Z an, / cos (mx) cos (nx) dzx

n=1

+ Z by, / cos (mx) sin (nx) dzx
n=1

us
—T

=0 (Orthogonal)

Removing the orthogonal terms (zero term):

! f () cos (mz) de = i an, /7T cos (ma) cos (nx) dx
- n=1 T

=ménm

Orthogonality again helped by replacing the integral feteghip on the right hand side by the
termmd.,.,,. This term may be understood by observing the definition etbltad,,., .

5nm:{ 0 iff n#m

1 iffn=m

Therefore, our equation becomes,

Note,

oo
Z anﬂ'anm = alﬂ'(slm + a27r52m + CL37T53m + -+ aooﬂ'(soom

n=1

If, for example,;n were equal to 3 this equation would become,

o
Z ApTOp3 = 1T 013 4™ O23 +a3T 033 + -+ + Qoo 0oo3 = A3T
~— ~— ~— ~—~

n=1 =0 =0 =1 =0

(1.6)
aa
©
e
1.7) m
9 "
(1.8)

(1.9)

(1.10)

(1.11)

(1.12)
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4 CHAPTER 1. FUNCTIONAL PRELIMINARIES

Odd Function (b,,,’s)

To find our constants,,, we multiply equation 1.2 byin (mx) and integrate over the range
—nm<zx<m.
s . 1 s .
/ f (z)sin (mz) dz = iao/ sin (mx) dx

N— ———
=0 (Orthogonal)

+ Z an, / sin (mx) cos (nx) dx

n=1

(1.13)

=0 (Orthogonal)

+ Z by, / sin (mx) sin (nx) dx
n=1 -

=T0nm
Removing orthogonal term gives,

us

! f (z) sin (ma) dez = i b, / sin (ma) sin (nx) de = Tonm (1.14)

n=1 -

Dividing by = and making use of the definition éf,,, our constanb,, may be written as,

by = — ! f () sin (mx) dx (1.15)

Constant Function, (ag)

To find our constant, we integrate equation 1.4 over the range < = < 7.

us 1 us
f(x)de = 540 dx
+ Z an, / cos (nz) dz
n=1 L,_/ (1.16)

=0 (Orthogonal)

+ Z by, / sin (nz) dx

n=1 R ,
=0 (Orthogonal)

Or

apg = 1 /7T f(x)dx (1.17)
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1.1. ORTHOGONAL FUNCTIONS 5

1.1.1 Upcoming Definitions and Theorems

We shall use the Fourier series to help in the explanatioew#ral definitions. These defini-
tions include the following,

e Functional spaces

e Spanning a functional space

e Complete set of functions

e Linearly independent set of functions
e Basis functions

In addition, we will explain, through use of an orthogonalieg the most powerful theo-
rem used in weighted residual as well as the finite elemeatfidt fundamental lemma of
variational calculus

Functional Spaces

Some finite element textbooks tend toward the mathemaial &1 those texts, often terms
such as Banach, Sobolev and Hilbert spaces are discusedd].sEhese spaces are functional
spaces which may be classified in some particular way. Bxadtht are functional spaces?
To answer this question, we will use our Fourier series tonéeur own functional spaces.
Using the Fourier series, we can define three distinct fonetispaces.

Functional Space |

We can define functional space | as all functions that aretaahi the range; = < = < 7.

f () Functional Space |

Figure 1.1: Space |
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6 CHAPTER 1. FUNCTIONAL PRELIMINARIES

This space may be written mathematically as,

f(x)=Cr (1.18)

Interestingly enough the Fourier series has one term whachhandle all functions in this
space, shown below with the underbrace label of "Space I”.

0o 00
f(x)= %ao + Z ayp, cos (nx) + Z by, sin (nx) (1.19)
~—~ n=1 n=1
Space 1
Space II1
Space I1
Space IV

From the Fourier series equation the first term is all tha¢dgiired to express any function in
Space |. As a result, this first terspansspace I. In other word all constant functions may be
written as,

f(z)= %ao =Cr (1.20)

The unknown in this equatios, is simply twice the value of our constant functi@ry. This
is the simplest example ofspanningset of functions in that there is only one functi%rand
one constany. If things seem a bit foggy at this point, read on, space Il ldnday clarify
the concepts functional spaces and spanning sets of faisctio

Functional Space Il

Functional space I, is defined as all even functions in tgea—7 < x < 7. An even
function is defined as,

flx) = f(—2) (1.21)

Examples of these functions includ€, =%, cos (z), cos (2x). These functions are shown in
the figure below.
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1.1. ORTHOGONAL FUNCTIONS

100

§ 8 8

cos (2z)

0
b4

Figure 1.2: Examples of Functional Space |l

OV

All functions in this space may be expressed in the form,

frr(z) = 1ao + Z an, cos (nx)

We see this section of the Fourier series in equation 1.18c&lthe under-braces with space

labels on equation 1.19. We notice immediately that fumetispace | is a subset of functional

space Il. In other words, a constant function obeys the spaoe Il defining relationship,

equations 1.18 and 1.21. However, not all even functionsamstant, for examplé;; (z) =

22 is an even function and is not a constant. Therefore it beltméunctional space Il and not

to functional space I. From this we learn that one functi@palce may be a subset of another,
From observing equation 1.22 we determine a spanning sehcfibns. These spanning

functions are,

2

T
T

bo ()
o1 ()
¢2 ()
o3 ()
¢4 ()

8

x

n=1

1

2
cos ()
cos (2z)
=93 cos(3x)
cos (4x)

We use this new notation to rewrite equation 1.22 as,

frr(z) = Z ann ()
n=0

(1.22)

(1.23)

(1.24)
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8 CHAPTER 1. FUNCTIONAL PRELIMINARIES

This is a convenient time to introduce a new notation:
B(006)) = B(05.0) = [ 6:(0)6; () do (1.25)

This notations5 (¢;, ¢;) is commonly called a bilinear form. Interestingly enouégr, our
Fourier series this bilinear form and orthogonality are related by equafi.26. This orthog-
onality relationship will not always hold for the bilineasrin. However, by definition if the
equations below are satisfied we have a set of orthogona hasitions.

B(¢i,¢;) =0 if i#j
B, ¢5) #0 if i=j

We will keep this in mind and reuse this again in the next fiomzl space.

(1.26)

Definitions

At this point it seems appropriate to place a definition onangjng function set.

A set of functionsg; (x) span a spacéf all functions in that spa
may be represented as a linear combination of the functipfs), se
equation 1.24. This set of functions is often caltesisfunctions.

It is worth noting here that all spanning sets of functiorestay definition complete.

A set of functionsy; () is complete if all terms from lowest to highdst
order are included.

It is also worth noting that a complete set of functions mayb@a spanning set. However
a spanning set of functions is by definition a complete sees&hdefinitions may be clarify
by looking at possible cases from functional space Il. Th@&Rinctions shown in equation
1.27 is not a complete set. The reason for this incomplegeisethe omission of the term
cos (3z).

o (2) 3
o1 (x) cos (z
On () =< d2(x) p =1 cos(2x) (1.27)
o3 (x) cos (4z)
¢4 () cos (5z)

The set shown in equation 1.28 is a complete set. Every tesm the lowest order to the
highest order is included in the set.

o (z) 3
o1 (2) cos ()
o2 () cos (2z)
b (@) ={ ds(x) p =1 cos(3a) (1.28)
¢a () cos (4x)
o5 (x) cos (5x)
o6 () cos (6z)
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1.1. ORTHOGONAL FUNCTIONS 9

Neither set of functions, equation 1.27, nor equation 1p2@s functional space Il. To find out
why we select any function in functional space Il, say (3z). This function is in functional

space |l becauses (3z) = cos (—3z), see equation 1.21. If we try to express this function
as a linear combination of basis functions, equation 1.2hawe a problem.

4
5 (3x) = i0; (@
cos (3z) ;a (x) (1.20)

cos (3x) 7&0%0 + ay cos (x) + ag cos (2x) + az cos (4x) + a4 cos (5x)

Itis not possible to satisfy this equation regardless ofthat value the constanis through
a4 are assigned. The reason for this inequality is the set dftims in equation 1.27 are
incomplete. If all terms from the constatall the way up tocos (5z) were included this
equation could be satisfied.

If we now consider the functionos (122) we have a similar problem. The set of basis
functions in equation 1.27 may not be used to representuhigtibn.

4
12z) = iPi
cos (12z) ; a;¢; (x) (130)

cos (12z) ;éa—; + a1 cos (x) + ag cos (2x) + as cos (4x) + a4 cos (5x)

Although the result is the same as with the previous caseatmnul.29, the reasons are
different. Even if we reinserted the missing term in thisusste,cos (3x) into equation
1.27, the inequality would still exist. The reason for tmgduality is the set of functions is
not large enough to capture this higher order term. Howéwee had extended the functional
set, equation 1.28, to infinity it would span the functiorn@dee Il and thereforegny even
function could be expressed as a linear combination of tepaaning functions, including
our functioncos (12x).

cos (12z) = Z nOn (T) (1.31)
n=0
Which would give a solutiomg = a; = -+ = a1 = a13 = -+ = G = 0 @ndays = 1.

One final definition should be covered at this point and willlbed extensively throughout
this text is that of linear dependency and independency.

A set of functionsp; () is linearly independent if no one term mayjpe
written as a linear combination of all the remaining termathvdmat
ically a set of linearly independent functions obey,

k—1 N
O (@) # Y it (@) + Y aidi (@) (1.32)
=0 i=k+1

for all £ from 0 to cc.

This definition is best described with several examples. @égrbby looking at the func-
tional set in equation 1.27 and asking the equation: is eeeny in this functional set linearly
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10 CHAPTER 1. FUNCTIONAL PRELIMINARIES

independent? To answer this question we write our funcliseteas shown in equation 1.33.

1
5 #aq cos (z) + ag cos (2x) + agz cos (4x) + a4 cos (5x)

cos (z 75% + ag cos (2x) + az cos (4x) + a4 cos (5x)

cos (2z 75% + ay cos (z) + az cos (4x) + a4 cos (5x) (1.33)

cos (4z 75% + aj cos (z) + ag cos (2x) + a4 cos (5x)

) (
) (
) (
cos (5z) ;é% + ay cos (z) + az cos (2z) + a3 cos (4)

There is no combination of constants, througha, that are possible to makany of these
equations equal. Since no term in the functional set may itewias a linear combination of
any of the other terms in the set, these set of functions aeaily independent. It should be
noted the functional set we used, equation 1.27, is incampkss a result, we may have an
incomplete functional set which is linearly independerikelise, we may have a complete
set which is linearly dependent.

If we looked at a functional set shown in equation 1.34 weasdtihere is a linear depen-
dence in this set.

b0 () 3
o1 () cos ()
On () =< ¢2(x) p = cos (2x) (1.34)
o3 (x) 5+ cos (z)
o4 () cos (3z)

If we express every term as a linear combination of all theotbrms, yielding 5 equations,
we notice there is one equation which is an equality:

% #aq cos (x) + ag cos (2x) + ag [5 + cos ()] + a4 cos (3x)
cos () #%ag cos (2x) + a3 [5 + cos (x)] + a4 cos (3x)
)

cos (2x 75% + ay cos (x) + ag [5 + cos ()] + a4 cos (3x) (1.35)

[5 + cos (x)] :% + aj cos (x) + as cos (2x) + ay cos (3x)

cos (3x) 75% + aj cos (x) + as cos (2x) + a3 [5 + cos (x)]

In fact, if we observe the fourth equation in this set we magfye¢he solution,ay = 10,
ap = 1, a2 = 0nday = 0. Therefore, the ternd + cos(x) is a linear combination of
the terms,% andcos (z). It is worth noting that thidinearly dependentunctional set is a
complete set with all terms up t@s (3z) included.

In review the following may be said about a functional set.

e A set of functionsg; (), spans a space if all functions which exist in this space may
be written as a linear combination of these functiahs,z), See equation 1.24.
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1.1. ORTHOGONAL FUNCTIONS 11

e A spanning functional set is both linearly independent atmipxlete These functions
are commonly callebasisfunctions, much the same way ag, k arebasisvectors in
x-y-z vector space.

e Any functional set that is complete up to ordercos (nx) in our example, may be
used to express functions of equal or lower order. In eftlds, functional set spans a
space which is a subset of the larger space. For example,diefiee a new space by
“functions that are even and of order equal to or lower tha{nz)”. This space may
be spanned by a linearly independent and complete funt¢sehaup to, and including
ordern.

e A complete functional set is not necessarily linearly inelegent.

e Alinearly independent functional set is not necessarilyptete.

Draft

e Any functional set which spans a space must be a linearlpieddent set of functions. 9
Otherwise, it will not be possible to uniquely define all thmnstants in an expansion,
equation 1.24.

e Any functional set which spans a space must be a complete=r@itde, it will not be
possible to obtain a solution to equation 1.24 if in fact tivedtion on the left hand side
is the function omittedgy, (x), in the right hand side expansion, see equation 1.29.

With these definitions we continue on, looking at our nextfional spaces.

Functional Space Il

Functional space lll, is defined as all odd functions in theggg—7 < = < 7. An odd
function is defined as,

| f (@) =—f (=) (1.36)

Examples of this type of functions include,z?, sin (z), sin (2x), and are shown in the figure
below.
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2 20
3
X
0 r 0
2 20
2 0 2 2 0 2
X X
1 1
0.5 0.5 sin (2:6)
0 sin (z 0
0.5 0.5
1 1
2 0 2 2 0 2
X X
Figure 1.3: Examples of Functional Space Il

All functions in this space may be expressed in the form,

Where,

frir(z) = Z by, sin (nx) (1.37)
n=1
Notice the under-braced labels on equation 1.19. We mayitecourr equation 1.37 as,
frir (x) = Z ann () (1.38)
n=1
w1 (x) sin (z)
2 (1) sin (2z)
on (@)= wal@) L] sin(30) (1.39)
pa ()

Again, our bilinear form may be written as,

Bloigs) = Bloye) = [ " i (@) g (z) da (1.40)

For our functions, Fourier series, the bilinear form andhogonality is related by:

B(pi,p;) =0 if i#j

1.41
Blpng) 40 if i=j (141)
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1.1. ORTHOGONAL FUNCTIONS 13

As stated before, the Fourier series is an orthogonal sejudt®ons. As a result the bilinear
from gives zeros for all terms which have different indiceguation 1.41. It is well worth
noting, not all basis function need be orthogonal, and niostg basis functions are not
orthogonal.

Functional Space IV

Functional space IV, is defined as all functions in the range,< = < 7. These functions
may be written in terms of a Fourier series, equation 1.2. \&lg write this set of functions
in a more compact form as,

Draft

fle) =) ety (2) (1.42)
=0
Where the spanning function set, basis functions, are,

Yo () 3
Y1 (z) sin (z)
o () cos (z)
Y3 () sin (2z)

Un () = wi (x) (= cos(2x) (1.43)
Y5 () sin (3z)
e () cos (3x) 9 '

After a careful inspection of equations 1.3 and the subsgdable, we determine this set of
functions is orthogonal.

B (i, ;) =0 if i #j

1.44
B(wi ) 20 if i=j (44

Where, the bilinear relationship is,
B (i, v5) = B (v, i) = i () ¥; (z) dw (1.45)

—T

Example

In this section we consider an example of a function exprease Fourier series. Cons:ﬂer
the function shown in figure 1.4. This ramp function can bettemi in equation form f
three distinct zones.
fl@)=41 —-a<z< -2
flx)y=-5% —2< <2 (1.46)
fx)=-1 2<z<m
We used the orthogonality conditions, equation 1.3, to gereequations 1.10, 1.15 ajpd

1.17. To find the Fourier series representation of our fonctquation 1.46 we simply uge
these equations. We begin by finding our constant t&yfinom equation 1.17.
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T —T
2 2 ™
:1/ dx—l—l/ —fdx—i—l/ dw
i TS 9 2 T Jo
=0
(2.47)

Using equation 1.10 we can determine th
contribution from the cosine in the series.

0.5f

1 ™
Ay, =— f () cos (mx) dx
™ —T
1 2
=— d
- /777 cos (mx) dx
2 1.48
+%/72—gcos(mx)d$ ( )
1 s
——/ cos (mz) dx
T J2
=0

This result, equations 1.47 and 1.48, make perfect senstdhe nature of our functiof].
From figure 1.4, we notice our function is in functional spéitel.E. our function is odd
and therefore obeys equation 1.36. As a result, there is sinegcontribution to our serig

Figure 1.4: Ramp Function

The entire series contains only contributions from the sircfions, equation 1.15.

by, =— i f (z) sin (ma) dzx

—T

—T

=— /2 sin (ma) dx

1 2
+— / —g sin (ma) dx

ur 4=
1 /" .

——/ sin (mx) dx
T J2

_ 2mcos(mm) —sin (2m)

m2m

Our Fourier series representation of the ramp function neaytitten as,

f(z) = Z {chos(ﬂm) —sin (2m)

mam

m=1

If we look at a representative plot of this expansion we sgersgitems of interest, figu

1.5.

sin (mx)

(1.49)

(1.50)

1%

o
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I’I‘ypical End Point Oscillations

0.5F

-0.5F

Figure 1.5: 500 Term Fourier series, equation 1.50

of the domain. This is due to the nature of our basis functiénBourier series is used
situations where the solution must fit a periodic functiors @result, outside our dom
the function repeats itself, figure 1.6.

1 L
0.5}
0
-05¢+
-1
6 4 =2 0 2 4 6
Figure 1.6: 500 Term F&urier series, equation 1.50

As we shall see in the next few sections, the choice for ousliasctions will play a

Even with 500 terms included in the series there seems torne sscillation at both enjF 9 "
n
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16 CHAPTER 1. FUNCTIONAL PRELIMINARIES

role in how accurate a truncated series represents oulidmnstin the domain of interest.
addition, our basis functions will have an effect on whatgeys to our function outside th
domain of interest. One may argue there is no value in whabasits functions do outsidl
the domain of interest. However, as we can see in the FouiErssexample the oscillatiol]
occurred at our endpoints due to the fact that the Fourie@sproduced a periodic functig
This example along with plots are included in the Matlabptdour i er Exanpl e. m

= 0 ® 0 =

1.2 Orthonormal Functions

Obtaining orthonormal functions from an orthogonal set ieay simple process. As we
can see from the orthogonality relations shown in equati@n dvery function in the series
is orthogonal to every other function in the series. In otierds, the functiorsin (nx)

is orthogonal to all functions in the series except itselheTsame is true for theos (nx)
term. In fact, the only way a function can be orthogonal telitss if that function is zero
everywhere. By looking directly at these self-integratstatements in the Fourier series we
notice the following,

/ sin (nx) sin (nx) de = =

/7r cos (nz) cos (nx)dx = 7 (1.51)

B

If we altered our spanning set of functions, equation 1.43rltiplying each term by a
constant and forcing the resulting integration to unity,waild obtain an orthonormal basis
function set.

/7T [Asin (nz)] [Asin (nz)] dz = A%n =1

—T

/7T [B cos (nx)] [B cos (nz)] dr = B*r =1 (1.52)

D g

In order for these equations to be satisfied the functionssetaltered:

1

Yo (2) | Ver

1/’2 () ? sin (x)

2 Ex; e C.Ob((;))

s (x —= sin (27

@) =3 Gi () (=] I cos(an) (153

V5 (2) \% sin (3z)

e () il cos (3z)

. 7
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With these orthonormal functions, our bilinear orthogdgaklationship becomes.

B s) =By ts) = | i (2); («) do = 8 (154)

—Tr

In review, any orthogonal set of functions may be recastamorthonormal set of functions
by simply scaling each term. It is not very often that suchacpss is needed. However, there
are cases where such a process will help with respect td@olime especially in the finite
element methods.

1.3 Fourier Series vs Monomial Series

To this point we have focused on Fourier series exclusivéhe inevitable question is: Is
there any other functions which would be appropriate to use&answer this question, we
look at a series representation of the () andcos (z) functions. A Taylor series expansion
of each function reveals something interesting.

. 3 25 2T = (—1)" p2ntt
sin (z) =z — 37 + T +oe= Z En T 1) (1.55)
3,2 334 336 > (_1)” xQn
R A A 1.
cos () TR TIR I HZ:O (2n)] (1.56)

These equations reveal a primal set of functions, ofteedationomials. These monomials
may also be used as a spanning set in each of our functiors@spBor example, the mono-
mials 1, 22, 24, 25, - - - will span space Il. While the monomials 23, z°, 27, - - - will span
space lll. Together the entire monomial set will span thefiomal space V. Therefore, any
function in space IV may be written as,

f(x) = i iz’ (1.57)
1=0

There are several properties of these monomials worthgatithis point, first being orthog-
onality. It is obvious from the equation below that these proials are not orthogonal.

B e = [ e gy [ 1.58
B A M = T

However, these monomials do span the functional space feclpa spanning set of functions
do not need to be orthogonadt is however, very convenient of we can generate a sparsgng
of functions that are orthogonal. Itis possible to find salsets of polynomial basis functions
that are orthogonal. Two such function sets are shown in ¢xé few sections. In addition,

we may even generate an orthogonal set of functions fromntteogonal functions through

a Gram-Schmidt orthonormalization process. This proceskawn later in this chapter and
will be used extensively in the weighted residual and finiggrent method chapters.
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1.4 Legendre Polynomials

One set of polynomials that are orthogonal by definitiongiogate from the solution of a
Sturm-Liouville problem shown below.

4
dx

[(1—;102) Pr (””)] k(1) Pr () = 0

- (1.59)

The Legendre polynomial$?, (x), are eigenfunctions for this differential equation. The
Legendre polynomial obey an interesting recurrence makiip shown in equations 1.60 to
1.62

Py () =1 (1.60)
Pi(x) ==z (1.61)
Prst (z) = 2 [z,fj 11] Py () — [kiﬂ] Pea(z) ¥ k>1  (L62)

Using this relationship we can easily write a subroutinednstruct a polynomial set of any
number of these functions by a simple loop. Another impdrfnperty is the recursive
derivative relationship shown in equation 1.63.

dPy (x)  kPr_1(x) — kP (2)
dr 1—22

(1.63)

Since the derivative of any polynomial may be written as afiom of the Legendre functions
themselves, a simple subroutine may be written to produesetierivatives. Of course the
main reason for including these functions in this text isrtbghogonality.

i+

1

B(P;,P;) = / Pi (z) Pj (x)dx = (1.64)

—1
Just as in the Fourier series representation of a functi@sget orthogonality relationship will
be used to construct functional representations basedese thegendre polynomials. Equa-
tions 1.59 to 1.64 are proven in the Matlab f8eur nLi ouvi | | eLegendr e. m In this
Matlab file, the recursion relationship, the differentiglationship and eigenfunction test are
made. An abbreviated list of the Legendre functions are shmelow in equation 1.65.

Po () =1

Py (x) =z

P (x) Z% (32% - 1)

Ps (x) :% (52° — 3x) (1.69)
Pi(x) :% (352" — 302> + 3)

Ps () :% (632° — 702° 4 15z)
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-1 -0.5 0 0.5 1

Figure 1.7: Leggndre Polynomials

A plot of these functions are shown in figure 1.7. We will usestéhas well as other functions
in the next several chapters. As we shall see in the finite@method, they are very useful

enriching functions.

Example

shown in figure 1.4. We will make use of our orthogonality tielaship, equation 1.64,

series:

f@) =) ciPi(x) (1.66)
=0

where thec; are unknown constants. A very important fact to note at tligitpis the
domain. From the plot shown in figure 1.4 the domain-is to = while the domain o
orthogonality for Legendre polynomials is fro
—1to +1. This is why we have list our Legen-
dre polynomials a®; () instead ofP; (x). We
now seek a domain transformation, mapping the '
domain—7 <z < winto—1 < y < +1. Such
a mapping is very simple and may be expressed
as, 0
T =y (1.67)

Wheny = -1,z = —mrandwheny =1,z = 7.
We transform our ramp function to the orthogg- |
nal domain,—1 < y < +1, and transform our
results back to original domain; 7w < z < 7.

-1 -z : ‘ 2
This transformation will give a new function, 1 m ’ 7 1
shown in figure 1.8. Our new equation may be-
written as, Figure 1.8: Transformed Ramp Funct

In this section we shall use our Legendre polynomials to @gprate the ramp functigp 9 "
D
determine the unknown constants, We begin by writing our ramp function as a Legendire

G
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If we multiply our equation by any of our

Fy)=>ciPi(y) (1.68)
=0
Legendre polynomials, s&; (x) , and integrate over the domain we have,
1 &2 1 ° 8
[ Forwa=>c[ PuPpwd=Y s w9
-1 i=0 Y1 i ttT2
Or
R A A
¢j = <J + 5) / f ) Pj (y) dx (1.70)
=1

The integral must be broken into three sections,

cj = ’—l—l
J J 9

Carrying out this integral and transforming our results wetge plot shown in figure 1.9

1

—2/m 2/m y
/ P; (y)d:r+/2/w (—;) P; (y) dx — %Pj (v) dx] (1.71)

—1 —

-7 -2 0 2 s

X
Figure 1.9: 25 Term Legendre

With just 25 terms this truncated series is very close to oigirtal function. In addition thif

truncated series does not exhibit the end point oscillatemsociated with the Fourier se

representation. If we extend our plot domain out and looloat the approximation behay

outside of our area of interest we see and interesting rdgulte 1.10.

:

OV

G

Copy: : R. Fithen

D




6"

OV

@
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20—

15

10}

-10 1

-15¢

-20 : ‘ ‘ ‘
-T2 0 2 T

Figure 1.10: 25 Term Legendre

Outside the domain of interest, the function increasesihaghe further we move away fro
|z| > m. Remember the Fourier series was periodic outside our doof&iterest. Since th
Legendre polynomials themselves are not periodic, theesgmitation of this function is n(
periodic and the end points of our domain exhibit no osaited. In conclusion, the Matlg
scriptLegendr eExanpl e. mcontains the complete code for executing and plotting
example.

3
O = W o

,._,.
-0
n

1.5 Tchebychev Polynomials

In this section we investigate the use of Tchebychev polyatsas basis functions. Tcheby-
chev polynomials of the first kind come from the Sturm-Lidlevdifferential equation of the
form shown below.

d 5 7k () k B
— VA=) + (l_xQ)Tk(m)_o (1.72)

Just like Legendre polynomials, Tchebychev polynomialgehrdce recurrence relationships.
These recurrence relationships can be used in a subroatp@duce a polynomial of any
order very quickly. The recursive relationship for Tchelbge polynomials are shown in
equations 1.73t0 1.75.

To(z) =1 (1.73)
T (@) = (174)
Tit1 () = 22Ty, (v) — T () VEk>1 (1.75)
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There are several relationships possible for the derigstitlowever, we are interested in one
which may be used in a subroutine. To this end we use equafién 1

d7; (x)

dTy—1 (r)  dTy—2(z)
T _
dz

dx dx

= 27’1@71 ((E) +2

Vik>2 (1.76)

The orthogonality relationship is a bit different than wiat have see previously. The rela-
tionship is a weighted orthogonality, as shown in equatiai’ 1

1=0

P (1.77)

1
[ r@n@uwa={
-1 30ij
Where the weighting term is,
1
w () = —— 1.78
@)= 7= (1.78)

To force our function to be orthogonal in a traditional sewsecould redefine our functions
as,

@i (z) = % (1.79)
Then our equations would become,
! wh; 1=0
Blowo) = [ wi@es@a={ T 120 (1.80)

However, we will not find much use for forcing the Tchebychelypomials to be orthogonal
in a traditional sense. This is primarily due to the use of arsSchmidt orthonormalization
process describe later in this chapter.

An expanded set of the Tchebychev polynomials functiondlisied in equation 1.81
below.

0.8 76 (ﬁ[‘) :1
0.4 ’]1 (CC) =
il T () =—1+22°
3 (1.81)
| T3 (x)=—3z+4x
od Ty (z) =1 —8x% +8a*
Ts () =52 — 2023 + 16 2°
:: A plot of Tchebychev polynomials is
' shown in figure 1.11. One particular thing

S esws wawa o e e e s 1| fo notice about Tchebychev polynomials
Figure 1.11: Tchebychev Polynomials is their magnitude. The maximum of all

functions is unity. This is due to the fact
that Tchebychev polynomials are generated from a trigomigcrteansformation. Interested
reader may consult referencg ps well as the reference therein.
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Example

Tchebychev series we have,

f@)=Y cTi(x) (1.82)
1=0

ing function, equation 1.78, as well as a representativefgthev polynomial. We the
integrate over our transformed domain,

—1

[w@Twi@w=Y [ TOT@uwa 08
i=0 -1

Using the orthogonality relationship we have,

1
=4 [ w@T @@ (1.84)
=il
whereA; is defined as,
it y=0
AJ_{ T >0 (1.85)

a 25 term expansion shown in figure 1.12.

-7 -2 0 2 m

Figure 1.12: 25 Term Tchebychev Ramp

As in the Legendre polynomial expansion the Tchebycheese@roduces a very good so
tion with only 25 terms. In addition, outside of our domairnbees much like the Legend
series, figure 1.13.

In this section we will develop a Tchebychev polynomial egiepresentation to our ramhp
function, shown in figure 1.8. We will make use of the weightethogonality relation}
ship equation 1.77 to determine the constants in the selfi@ge write our function as §

where the; are unknown constants. We must now multiply this equatiohdti a weightf

Using Matlab to carry out the integration and polynomial stomction we obtain a plot fg
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24 CHAPTER 1. FUNCTIONAL PRELIMINARIES

—

'
—

8t

-10 -
- -2 0 2 ™

Figure 1.13: 25 Term Tchebychev Ramp

Draft

In conclusion, both Legendre and Tchebychev polynomialg begaused to obtain polyng-
mial representations of any given function. Orthogonatityg major tool used to determif
the constants of this polynomial series. The process forguisiis orthogonality is exact 9
that used in Fourier series expansions of a function. Namaljtiplying the series by on

of the orthogonal functions and integrating over the domahe orthogonality relationsh
removes every term except the term of interest, from whicttonstants may be determing

[v]

Q_U\U

1.6 Polynomial based transformations

In this section, we include a simple yet very useful transi@tion between Legendre and
monomial functions, as well as, between Tchebychev and m@idunctions. These will
be used in later sections to transform our system matricegslea polynomial groups. As it
turns out, these transformations may be used to move a nfirmixone basis functions to any
other basis functions. To begin with we observe the Legepdignomials in equation 1.65.
Expanding these terms out we have the transformationoekttip,

Po () .0 0 0 0 0 1
Py (x) 0 1 0 0 0 0 x
Polz) | | —05 0 15 0 0 0 22
Poe) (| 0 -15 0o 25 o0 0 3 (1.86)
Pa () 0375 0 —375 0 4375 0 24
Ps () 0 185 0 -875 0 7875 || 2°
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Likewise, the Tchebychev polynomials, equation 1.81, lesenilar transforation matrix.

7o (z) 10 0 0 0 O 1
T (z) 0o 1 0 0 0 0 x
T | _|-1 0 2 0 0 0 z?
Ts(x) (| 0 =3 0 4 0 0 x3 (1.87)
T, (x) 1 0 -8 0 8 0 zt
75 (z) 0 5 0 —-20 0 16 x®
If we designate our monomial equation basis functions as,
M; (z) = o (1.88)
We may rewrite equation 1.87 as,
To (x) 10 0 0 0 0 Mo (x)
T (z) 0o 1 0 0 0 0 M, (x)
To(x) \ | -1 0 2 0 0 0 M (z)
L@ (1o =3 0 4 0 0| Ms() (1.89)
Ty (z) 1 0 -8 0 8 0 My (z)
75 () 0 5 0 —-20 0 16 M (x)

To generalized these relationships it is convenient toenthiese equations in symbolic
form:

{P} = [T7M] {M} (1.90)

and,
(T} = [T"M] {M} (1.92)

Since each of these transformations are invertible, we nedgrohine a transformation be-
tween Tchebychev and Legendre polynomials by inverting @hiie transformations and
replacing the monomials in the other equation by this ineers

(M} = [T7TM] 7T} (1.92)

Substituting equation 1.92 into equation 1.90 we obtain,

{P} = [TPM] [TTM] 7 {T} (1.93)
or
{P} = [TPT]{T} (1.94)
where,
[TPT] = [TPM] [77M] 7 (1.95)

In addition, as reverse transformation is possible:

[TTP] _ [TPTT1 _ [TTM} [TPM]*1 (1.96)
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One interesting property of both transformation matrieegjation 1.86 and 1.87, may
been seen by observing the numbers above the diagonal. t#verys zero above this diag-
onal. this results from one fact, the highest order of Legetathd Tchebychev polynomials
is the same as the order of the monomial. Mathematically,rtay be stated as, the highest
order in the polynomialsP; (z) and7; () is the same as in the monomial{; (z) = z°.
This property will be very important to us later and will beedgo construct hierarchial basis
function in the finite element method.

1.6.1 Series Transformation

We have already seen a series may be written as,

fz)=> e (2) (1.97)
1=0
In addition, our transformations may be written in summafarm as,
Ti(x) =Y _ TFMM,; (1.98)
j=0

This equation is exactly the same, in indexed notation, aatgan 1.87 and 1.91. Since there
is one free index, in this equation, the equation is a vector equation. Inrotieeds, the left
hand side of equation 1.98, 1.87 and 1.91 is a vector, andftirerthe right hand side must
be a vector as well. If we multiply this vector equationdy

aTi(x) = y TEMM; (1.99)
j=0
and sum over all possible terms,
SNoeTi(@) =>Y aTiMM; (1.100)
i=0 i=0 j=0

Since there is no free indices on either side of the equatimequation is now a scalar and
is exactly the same as equation 1.97. Hence,

f(z)= icﬂz (x) = iiCiTgMMj = iicij—gMMj (1.101)
=0 i=0 j=0 j=0i=0

Note: reversing the summation gives the same result. Oginatiequation may be written as
a series of monomials as well,

f@) =) a;M, (1.102)
=0

Noticing the similarities between these two equationsQ1.4nd 1.102, highlighted below.
The terms below in boxes are equal.

f@)="aTi@) =Y | > eTiM My = Ta My (1.103)
i=0 j=0| =0 =0
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Or -
> aTiM=a; (1.104)
1=0
Or, in matrix form. N
{a} = [T7M]" {c} (1.105)

In review: If we obtained the constants for a Tchebychewvesee;’s, we may use the

transformation matrix between the Tchebychev and monoseidts termsTgM, to deter-

mine the constants based on the monomial seriss This statement also applies in reverse,

given the constantis;’s we may use this transformation to obtain ths.

Example

Given a function,

f(x) =5+ 222 + 823 4+ 102* (1.106

Monomial to Tchebychev Transformation

a monomial series with the constants.

ap 5
(05} 0
as p = 2 (1.107
as 8
(47} 10
Our equation 1.105 may be written as
{c} = [T™M] ™" {a} (1.108

Or written in matrix form, using the transpose of the inves§¢he transformation matr
shown in equation 1.87,

Co 1 0 05 0 0.375 0 ag
c1 01 0 07 0 0.625 a
e\ _ [0 0 05 0 0.5 0 as
es (10 0 0 025 0 03125 as (@00
4 0 0 O 0 0.125 0 ay
Cs 0 0 0 0 0 0.0625 as
Or for our specific case,
Co 1 0 05 0 0.375 0 5 9.75
c1 01 0 07 0 0.625 0 6
cc{ |0 005 0 05 0 2 | 6
c3 |0 0 0 025 0 0.3125 8 o 2 (et
Cq 0 0 O 0 0.125 0 10 1.25
cs 0 0 O 0 0  0.0625 0 0

We wish to express this in terms of a Tchebychev polynomiaprasent it is expressed [§s
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Using this result and equations 1.81 our function may beevrias,

[f () =9.75 x Ty (x) + 6 x Ty (x) + 6 x T (z) + 2 x T3 (z) + 1.25 x 7, (z)] (1.111

Expanding the Tchebychev polynomials out we have,

f(x) =9.75 (1) + 6 (z) + 6 (—1 +227) +

1.112
2(—3x—|—4x3)+1.25(1—8a:2+8x4) (
Carefully extracting the coefficients of each term gives,
975 -6+125=5
z: 6—-3%x2=0
2 2x6-125x8=2 (1.113

22 2x4=8
2t 1.25x8=10

Comparing these constants with original coefficients inatigm 1.106 we may verify ol

transformation is indeed correct.

Monomial to Legendre Transformation

We now wish to perform the same operation with Legendre fanst Using the transpos
of the inverse of the transformation matrix shown in equafi86 we may determined tf
Legendre polynomial coefficients of equation 1.106 as,

Co 1 0 03333 0 0.2 0 5 7.6667
&l 0 1 0 0.6 0 0.4286 0 4.8
cc \ _ |0 0 06667 0 0.5714 0 2 ) 7.0476
c3 10 0 0 0.4 0 0.4444 8 a 3.2
4 0 0 0 0 0.2286 0 10 2.2857
Cs 00 0 0 0 0.127 0 0
(1.1124
Using this result and equation 1.65 our function may be amits,
f(x) =7.6667 x Py (x) + 4.8 X Py (x) + 7.0476 X Ps (x) (1.115
+ 3.2 x P3 () + 2.2857 x Py () i
Expanding the Legendre polynomials out we have,
7.0476
f () =7.6667 (1) + 4.8 (x) + (322 —1) +
3.2 2 28572 (1.116
- (527 = 3w) + ——— (352" — 302 + 3)
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Carefully extracting the coefficients of each term gives,

.04 2.2
1: 7.6667—¥+3x 8857:

2
% 2 4.8—3><37:0

.04 2.2
2% 3x¥—30x 857 _

5

2 (1.117

As we can see the transformation matrix gives different@oris, equations 1.111 compafgd
to equation 1.115. However, the polynomial is representadtyy in both cases. We shgll
use these types of transformations extensively later gtéhit.

1.7 Gram-Schmidt Orthonormalization

There is significant advantages to having basis functiorishwdre orthonormal. As we have

seen previously, using orthogonal functions which spanriqodar functional space allows

us to express any function in that space easily. Our eventaale for these basis functions
will be to obtain solutions to partial differential equat®in multidimensions. As it turns out,

the use of orthonormal basis functions can significantlyicedhe amount of computational
effort required to obtain an accurate numerical solutiotih&se partial differential equations.
Central to the method that follows is the existence of a édirform. To this point the bilinear

form has been the traditional orthogonality definition,

B (i, ;) = /w i (2) % (z) da (1.118)

However, other definition of this bilinear form are accej#abee problem 20,

Trd zd i
Biw) = [ s (1119)

xy

We now describe a process of generating an orthonormal sgafumctional set from
any non-orthogonal spanning set. The process is called &@midt orthonormalization
method. This method date back to the late 1800’s and can Inelfioumost linear algebra and
functional analysis textbooks. The Gram-Schmidt procasse stated as follows.
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Given a set of linearly independent functiod®:, ¢a, ¢3, ¢4, ...,d,} Which spa
some functional spac&.. We may construct a an orthonormal set of functgpns
{1, %2, 3,94, . .., 1y, } using the Gram-Schmidt process which in turn will also sjesgt
functional spaceC. The process is defined below:

b= 2
VB (¢p1,61)

7:52 = ¢o — 1B (Y1, 92)

b=
/B (%2.92)

b3 = ¢z — V1B (1, $3) — VBB (2, 3)

A
/B (%s.9s)

$a = bs — P18 (1, Pa) — aB (Y2, da) — ¥3B (3, ba)
/B (90,94)

n—1
Vn = b — lz Vi B (1, m]
k=1

¢n = d)n

This process may seem overly complex, yet, it is very medahim nature. As a result,
this process may be placed in a program and carried out byaimputer. To solidify this
concept, we will show an example using the monomials fromakiesection.

Example

Using the notation from the Gram-Schmidt process above, ayewite the monomial basjp
functions as,

8 =

(1.120

[SAEEN VU V)

8 8 8 8
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OV

functional, we shall use the standard orthogonality refehip,
TR
L
Notice the limits of the integration are, andz . The limits in the Fourier series sectior

on the range of the problem we are interested. We shall piekahge) < z < 1 for
simplicity. We may also note at this point, the bilinear ftional is not defined in the Grarj

could have defined it differently, see problems at the entlisfahapter.
[Step T - Gram-Schmifdt
Using our bilinear functional, we perform step one of thegeiss,

1
B (¢1,¢1) =/ dz = [z]y = 1 (1.122
0
From this result we can easily determine the first functign as

o1 1 1
= = =—=1 1.123
i VB(p1,61)  /B(o, 1) V1 (

[Step 2 - Gram-Schmifdt
Next we must perform an orthogonalization step,

Yo =y — 1B (Y1, p2)
1
= — ¢1/ Y1 (x) ¢2 (x) do
0

=z — (1) /01 (1) zdx (1.124
221!
~=- 03],
-
2

We seek an orthonormal set of basis functions from this s&fufictions. However, we mugt
first define our bilinear functiona$ (¢;, ¢;). Although we are not limited to this bilinegr

a special case. The limits of integration on the bilineacfional 5 (¢1, ¢1) depend entireljyf

Schmidt process. As a result, we must define our bilineartfonal, equation 1.121. Wg

is

This function is orthogonal to the first generated functias,we shall see in a mome|
However, the function is not normalized to unity. This occiirthe next step.

r
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[Step 3 - Gram-Schmifdt

We now seek to normalize our second generated function. FnenGram-Schmidt o
thonormalization process we have,

2
(x—3)da (1.125

The question inevitably arises; is this function orthoddoahe first function? To test th
we look at this statement,

[xz ﬂ ! (1.126
0

In addition, each function’s norm is unity, thus the termhortormal vs orthogonal.

B (1,91) = B(¢2,¢2) =1 (1.127

[Step 4 - Gram-Schmifdt
We proceed to step four, determining the unscaled thirdtfonof the orthonormal set.

Vs =¢3 — 1B (Y1, ¢3) — V2B (12, B3)
- ) [ )ya2de—viE (o - 1) [ viE(e- 1)
=z — (1) | (1)z°dx — (3:—§>/0 (3:—5)3: i

o :E_g 1_12 x_l 3:_4_3:_3 1 (1.128
B 31, 2) 14 6],
1
2_ —
=z x+6

This unscaled term should be orthogonal to both the first andrad function. The read
may verify that indeed the following is true,

B (v1,9s) = B (42, 9) =0 (1.129

However, the function itself must now be scaled, as seendfoilfowing equation.
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1.7. GRAM-SCHMIDT ORTHONORMALIZATION 33
B (Jg Jg) L (1.130
’ 180
[Step 5 - Gram-Schmifdt
Normalizing this function may be done by use of step 5’s equat
po= Y3 (1.131
B (%/13, @/13)
Therefore the function becomes,
1
V5 = V180 (a:2 —z+ 6) (1.132

|Einal Result - Gram-Schmidt

both of these properties may be written as,

V3 (x) =C1¢1 (x) + Co2 (7) + C33 (x)
=C} + Coz + Csa?

All six basis functions may be written as,

If we continue through all the functions in our set, equafiat?0, we generate a new sef|of
orthonormal functions listed in equation 1.134. Althoubbge functions are more comp|gx
than our monomials there are some interesting propert&snhy be observed. One prop-
erty is the highest order in each term. For example, our tiginch was generate from the
first, second and third tern (z, z2) in our original set of monomial functions. As a res|jlt,
this third term’s highest order is second order. Anothepprty is the possible existence|pf
all order terms up to the order of the present term. For exentipé third term contains igja
linear combination of all three terms in the original monahsiet, (., z, z?). This may no}
always be the case, depending on what functions we starf thi¢;’s. Mathematicallyf

1
Y1 (2) 2 (z—1/2)V3
V2 (2) ,
s () | _ 6 (22 +1/6—2)Vb
Z‘* Ef’?g 20 (2® —1/20+3/52 — 3/222) VT

X
1/,2 (z) 2102* 4+ 3 — 60z + 270 22 — 420 23

262 (" = by + & = 5/60% + 2o® — 5/204) VII

(1.133

(1.134

Copy: ;
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34 CHAPTER 1. FUNCTIONAL PRELIMINARIES
Or in matrix form this may be written as,
U 1.00 0 0 0 0 0 1
P —1.73 3.46 0 0 0 0 T
v | 2.23 —13.41 13.41 0 0 0 i
e (| —264 3174 —-79.37 52091 0 0 z3
U5 3.00 —60.00 270 —420 210 0 x?
g —3.31 99.49 —696.49 1857.31 —2089.5 835.79 x?
(1.135

| Matlab Script — Gram-Schmidt Orthonormalization Proqess

Since the Gram-Schmidt process is well defined and mecHamicature, a Matlab script
may be used to create an orthonormal set of basis functionsdrnonorthogonal basis func-
tion set. Such a Matlab script is listed in figure 1.14. Thispgavill take our original basis
functions, equation 1.120, and generate an orthonormé basction set. A complete de-
scription of the Matlab script follows.

The first five lines of the script are comments, as well as, atfan descriptor in line 1.
Line 6 creates a symbolic variabtefor use in our integrations. Line 7 creates our original
basis functions, equation 1.120. While line 8 scales théffirsction such that its bilinear
form becomes unity, step 1 in the Gram-Schmidt process. Qidetermines the number of
terms in the functional set. Line 10 to 16 loop through thea®img Gram-Schmidt steps.
Line 11 takes care of the portion of the Gram-Schmidt proskeg/n in equation 1.136. Note,
this equation was taken from the Gram-Schmidt definition.

n—1
Yn= ¢n -—[ ka(d%,¢nﬂ (1.136)
net ;

Lines 12,13,14

Line 15 normalizes the function to unity with respect to tilebar form, equation 1.137.
Un
B (. On)

The transformation matrix between our new orthonormals&anctions and monomials,
equation 1.135, is calculated on lines 18 to 20. Lines 27 targl line 33 builds and out-
puts a matrix based on the bilinear form, equation 1.138.

Py = (1.137)

1
Mij = B (i, ¢;) = /0 Vi (z) ¢ (z) do (1.138)

This matrix will be the identity matrix if we have accompleghour goal of producing an
orthonormal set of functions. Lines 37 and 38 define a Matledztion for determining the
bilinear integral given two functions as inputs.

The Gram-Schmidt process is the same regardless of thealrizasis functions used, line
7. Given another set of basis functions, line 7, or an alterdefinition of our bilinear form,
B (v:,1;), only two lines need be altered to make this script work oncase, line 7 and 38.
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1.8. FIRST FUNDAMENTAL LEMMA OF VARIATIONAL CALCULUS 35

Line 7 is the original set of functions we wish to produce orthonormal set from. Line 38
is the integral defining our bilinear form. The limits on owaenple are fron? to 1. Other
limits may be desired based on our domain. An altered fornhisfdcript will be used later
to generate orthonormal basis functions on the fly.

function GramSchmidt
% Gram-Schmidt Ortho-normalization
% Written By: Dr. Fithen
syms x
phi=[1;%;x"2;x"3;x"4;x"5]
psi(1l)=phi (1) /sqrt(B(phi(1l),phi(1l)))
N=length (phi)
for i=2:N
psi(i, 1)=phi (i)
for j=1:i-1
psi(i,1)=psi(i,1)-psi(j,1)*B(psi(j,1),phi(i))
end
psi(i,1l)=psi(i,1)/sqrt(B(psi(i,1),psi(i,1)))
end
% Lets determine the transformation matrix to monomials
for i=N:-1:1
vector=sym2poly (psi(i));
T(i,1:i)=flipdim(vector,2);
end

% Test orthogonality, Build a matrix
% This matrix will be the identity if our
% functions are orthonormal!

)
S

for i=1:N
for j=1:N
M(i,J)=B(psi(i,1),psi(j,1));

Print/Display the matrix...

% Bilinear functional
function n=B(fi, fj)
n=int (fi*fj,0,1);

Figure 1.14: Gram-Schmidt Matlab Listing

1.8 First Fundamental Lemma of Variational Calculus

This section is a major reason including the first chapteis fteorem is the basis for both the
weighted residual and finite element methods that followulghout this text and other text
as well. We have seen that a basis function set that spansa sy be either orthogonal
or non-orthogonal. However, the Gram-Schmidt process gamdny non-orthogonal set
of functions into an orthonormal set of functions. Since aay of basis functions may be
converted into an orthonormal basis function set, we willibehis theorem with a set of
orthonormal functiong; () which span spac€. We may represent any functioR,(z), in
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36 CHAPTER 1. FUNCTIONAL PRELIMINARIES

a functional spacg as a linear combination of thege(x)’s.
R(z) = an(x) (1.139)
i=1

Where theq;’s are constants. We now propose that our funcfidfx) is orthogonal to an
infinite number of linearly independent functions each ofoltexist in spac&. For simplic-
ity, we pick the infinite set of functions as the (x)'s. We could have picked another set of
functions. Since the function sét () spans the functional space it is guaranteed to be an
infinite set of linearly independent functions in spateln addition, any other set of func-
tions which span the space may be transformed into this ottmeal set via Gram-Schmidt
orthonormalization process. As a result, we may pick thetion set); (z), without losing
any generalization to our theorem.

Mathematically our orthogonality statement may be wridsn

TR
/ R (x); (x)de =0 vV i=1,2,3,---,00 (1.140)

From this equation, we see there is an infinite number of gahality equations, all of which
must be satisfied.

o R (x)v1 (x)de =0
" R (z)ws (x)dz =0

R (z) s (z)dz =0 (1.141)

L

/:RR(:c)woo(:c)dx.:O

We now insert equation 1.139 into 1.141 to obtain:

[ awn @ e @ =0

TL =1

/xR Z a; (x) 2 (x) de =0

L =1

/zR i aipi (x) ¢3 (z) dz =0 (1.142)

L 4=1

[ S it @) () =0

TL =1
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1.8. FIRST FUNDAMENTAL LEMMA OF VARIATIONAL CALCULUS 37

Interchanging summations with integrations we obtain,

Sooi [ wite) e @)dr =0
i=1 T
i/eri(x)%(l‘)dx:O

i / " s (@) s () i = 0 (1.143)

oS
D a
i=1
oS
D a
i=1

[ele] TR
Zai/ i () Yoo () dx =0
i=1 L
Remember by definition, an orthonormal set of functions dheyollowing relationship:
TR
/ Vi (z) ¥ (z) dz = &y (1.144)

Using this definition in our infinite set of equations, 1.14@, obtain,
Z ai5i1 = ay = 0
=1
Z 011'52'2 = ag = 0
=1

Z 43 = az = 0 (1.145)
i=1

0
§ ai(sioo =a5 =0
i=1

Which results in all the constanis's being zero. As a result, the our functioR (), is zero.
Therefore first fundamental lemma of variational calculws/rbe stated as,

Given:
e Afunction, R (z), which exist in functional spacé

e A set of functionsy); (), which span functional spacg

If our function, R (), is orthogonal to every functionl; (x), then the functio
R (z) is zero everywhere in the domain of orthogonality. Mathecadly this
may be written as,

lim U:R(x)zpi(x)dxzo v z] — R(z)=0

1—00
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38 CHAPTER 1. FUNCTIONAL PRELIMINARIES

Later we will use this theorem to obtain approximate solutio differential equations.
In these future cases, the functi®(z) is the residual of our differential equation and the
domain of the orthogonality is the domain of the differelgiquation.

1.9 Useful Functional Spaces

So far, we have discussed functional spaces that are constithfunctions and even func-
tions. We will now expand our concepts into new functionalgs. For example, we define
a space of all functions in the domdin< x < 1 that have a value of zero at bath= 0 and

x = 1. We need to construct a functional set that spans this negesfne possible function
set spanning this space is,

¢i (z) = (x — 1)’ (1.146)
Since each of our functions obey the end conditions,
$i(x=0)=¢;(x=1)=0 (1.147)

Any function written as a linear combination of these basistions would also obey the end
conditions,

F@)=> aigi(x) = a;(x—1)a' (1.148)
1=1 =1

This end condition may be written mathematically as:

f(w=0)=;ai¢i<w=0):0

. =0 (1.149)
fla=1)=) a¢(x=1)=0

=1

———
=0

Another possible functional space is, all functions in tleendinl < 2 < 2 with the
following end condition,

fla=1)=0
ﬁ _0 (1.150)
dz|,_, N

This functional space is a bit challenging to construct anspay set. However, through use
of trigonometry functions and domain mapping a spanningoéétinctions may be easily
generated. If we inspect a simple plotok (x) we notice there always exist a zero derivative
at the origin, figure 1.15.
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1.9. USEFUL FUNCTIONAL SPACES 39
cos(§)
1 N
4 S
0.5} 1
O \
0.5 D1 1
1 _—a -
< 5, >
- D3 .
1-5 | - Val |
< D, >
2 1 1 1 1 1 1
12 10 8 6 4 2 0
¢

Figure 1.15: Cos function with annotations

In this figure, we notice four different domains. These damaire labeled),, D5, D3,
andDy. At the right of each of these domains= 0, the slope of the cosine function is zero.
At the left side of each domain, the function values are zZadicated by the label ZP. If we
could map each of these domains to aux = < 2 domain every cosine functions would
meet the end conditions and be suitable for a spanning senefibns. First we attempt to
map generic domains. The two domains are shown in figure kb

— "
¢ ® ¢

TL TR 35 &R

Figure 1.16: Domain Mapping
After careful observation a linear mapping equation candierdhined as,

r — L _ §—§L
(CUR—CUL> B <§R—§L) (1.151)

If we insert¢ = £, we obtaine = =1, and if we insert = {r, we obtaint = zr. We notice
our values ot and¢y from the cosine plot in figure 1.15. We observe that for evenydin
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40 CHAPTER 1. FUNCTIONAL PRELIMINARIES

the right most domain point sz = 0. However, the left most domain point, indicated by the
ZP in the figure, is related to the left end of domaid,. A relationship may be established
between domaik and left end point as,

2k—1)=w

T (1.152)

Where,k is the domain number. In addition our domain limits are =z < 2. Hencer;, = 1
andzgr = 2.
Insertingz;, and,z g, £, and{g into equation 1.151 our mapping equation becomes,

§+ (2k—1)m 25
(z—1)= ( (2k;1§7r = <(2k_ 1)77) +1 (1.153)

Rearranging we obtain,

f=(o—2) BT 3 DL (1.154)
From this relationship we may now construct our spanningtion set, shown below.
r (z) = cos ((a: —9) @) (1.155)

A plot of several of these function is shown below.

Figure 1.17: Spanning Functions

By observation, each of these functions obey the end comditn equation 1.150. There-
fore, a linear combination of these functions will obey taeg end conditions. Any function
in this space may be written as,

f(z)= Zam (z) = Z ay cos <(:v —2) M) (1.156)
k=1

2
k=1
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1.10. FUNCTIONALS, WHAT ARE THEY? 41

We will use this linear domain mapping in the next chapterdalavith different domains
as well as end conditions. With this mapping method as toguetry we have a powerful tool
to match almost any end conditions.

1.10 Functionals, What are they?

We have been using the term functional considerably throutghis chapter. It seems a semi-
formal definition of a functional is in order at this point.n8e our first calculus course we
have been dealing with functionals. By integrating a fumtibver a domain and finding the
area under that function, we have been dealing with funatgori-or example,

A(f) = /w f(2)de (1.157)

is the area under the curye(z) betweeny; andz,. The notation,A (f) implies the area is

a function of the curve’ () we place in the integral. We can think of this functional as g
mapping of a functionf (z), to a scalar, in this case the area. In effect the area furadtio
listed here is dunction of functionsThe area integral is a linear form since there exist only
one functionf (x), in the dependency list and a constant times that functitomrie that same
constant time the original area:

Alcrf +cag) = ct A(f) + 2 A(g) (1.158)

Wheref andg are functions oft andc; andc, are constants. The area functional is indeed &
linear functional, see the equation below.

Alerf +eag) = [ " ef (@) + eag ()] da

Zy

=c; /IR f(z)dz + ca /mR g (z)dx (1.159)

Al(eif + cag) =c1 A(f) + caA(g)

One interesting point to notice is the functional depengleite original functionf (z) is

a function ofz. However, our functionalA (f), is not a function ofr. Our functional,

A (f), is only a function of the functionf (z), placed in the integral. This make sense if we

consider what an integration does. The integration we haxfepned was with respect tix.

Therefore, the integration could be thought of as removifrgm the dependency list.
Bilinear functionals have two functions in the dependeigtdnd are linear in each argu-

ment.

5o = [ Y F @) g (@) de (1.160)

This bilinear functional appeared as the first equationisf¢chapter and is used as an orthog-
onality statement. A bilinear function&l(f, ¢) is linear in each argument if the following is
true.

B(eif +cag,r) = 1B (f,r) + c2B(g,7) (1.161)

And
B(r.c1f + c2g) = 1B (r, f) + 2B (r.g) (1.162)
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42 CHAPTER 1. FUNCTIONAL PRELIMINARIES

Wherer, f andg are functions of: andc; andc,y are constants. We can immediately see our
orthogonality functional is, in fact, a bilinear functidna

Bler +exgr) = [ " ef @) + 2 ()] (2) du

1

=c TR f(x)r(z)dz + co /mR o (@) r () da (1.163)
=c1B(f,r)+c2B(g,7)
B(r,cif + c2g) :/zn r(z) [e1f (x) + cag (7)] dx
(1.164)

zcl/IRr(a:)f(x)da:+cz/er(x)g(a:)dx

€] xy
:(316 (Ta f) + CQB (T7 g)
One may ask at this point what are functionals that are nealinOn typical example is,

Q(f) = / [f (@) da (1.165)

If we test this functional we note its nonlinear charactaris

TR

2(erf) = [en]? / [ @) de 4 Q(f) (1.166)

Zy

In fact, this functional is call the quadratic functionahi§ is primarily due to it quadratic
characteristic. The relationship between a quadratictfonal and the bilinear form is appar-
ent by writing this equation as;

Q) =80 = [ U@ (1.167)

Zy

In the next chapter we shall see how the weighted residuainstant may be transformed into
a quadratic functional. In addition, we shall see how a sytmmbilinear form will always
result in a quadratic functional who’s minimum is the saatto our governing equation. We
will expand on some of these functional concepts in the nbapter. As it turns out, there
is a close connection between functional analysis, vanatimethods and real analysis. We
shall investigate some of these connections when we bedookoat the weighted residual
methods.

1.11 Functional to Matrix Mappings

Linear and bilinear functionals which operate on spannurgfion sets produce something
very interesting and useful, as we shall see later. Remembpanning set of functions are
a group of functions which can be used to represent any fumati a particular functional
space. These spanning functions can be thought of as a ba#isf functional space. In the
first fundamental lemma of variational calculwe forced a functionR (z), to be orthogonal
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1.11. FUNCTIONAL TO MATRIX MAPPINGS 43

to an infinite set of linearly independent functions. In fdhts is the extreme case. We can
force a function our to be orthogonal to a finite set of lingandependent functions. For
example, let assume we have a funct®iiz) as shown below.

5
R(z) =) an(x) (1.168)
=1

Examining the orthogonality statement we only need to makefunction orthogonal to 5
linearly independent functionsy, (x)’s.

TR
/ R(z)yj(x)de for j=1,2,3,4,5 (1.169)
T
If we insert our function from equation 1.168 into equatiobGB we obtain the following.
5 zR
> [/ Vi () j () d:c} a; for j=1,2,3,4,5 (1.170)
i=1 TL
The term in square brackets is a bilinear functional as veedl eatrix,
TR
T

In our case the matrix is a 5 by 5 and can be written in a matnsagqgn as,

B(Y1,11) B(1,v2) (V1,103) B(1,v4) B (Y1, 9s) ay
B(Y2,11) B(a,v2) B(v2,103) B(,va) B(¥2,vs) as
B(¢3,11) B(s,v2) B(vsz,bs) B(s,va) B(vsz,s) as (1.172)
B(Ya,101) B(a,2) B(Ya,1b3) B(a,a) B (s, ¥s) ay
B(Ys,101) B(s,v2) B(vs,3) B(s,va) B(vs,vs) as

Therefore, a bilinear functional will yield a matrix whildiaear functional will yield a vector.
If we use a set of orthogonal basis functions to generaterthisix our off diagonal terms we
be zero5 (vi,1;) =0 V i # j. For this orthogonal case our matrix would become,

B (11,1) 0 0 0 0 a
0 B (’Q/Jg, ’(/12) 0 0 0 a2
0 0 B (’Q/J3, ’Q/J3) 0 0 as (1173)
0 0 0 B (’4/}4, 1/}4) 0 Qa4
0 0 0 0 B (¢5,5) as

However, what if we did not begin with an orthogonal set ofdtions? How could we obtain
a diagonal matrix at this point? Is it too late to force our rixainto a diagonal state? The
answer to these questions is, we can determine a set of ortinahfunctions from the matrix.
First we must realize, any diagonal matrix obtained fromafeation 1.171 is done so from
orthogonal functions. The reverse is also true if we forcedmatrix to be diagonal in a
mathematically legal sense, then the orthogonal functizagsbe determined from this matrix.
The question now is how? To answer this question we turn &nsigue-eigenvector analysis
of matrices.
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We begin with the standard matrix eigenvalue problem. Gaematrix[M/] we wish to
determine a vectofit} and a scalar), such that the following is true,

[M] {t}z =\ {t}z (1.174)

In fact, for anN x N matrix, [M], there existN such possibilities. Hence the indéxn
each term. If we wrote this equation in full matrix form thgenvalue-eigenvector statement
would read,

[M][T] = [T1]A] (1.175)
Where,[T], is a matrix who's columns are eigenvectors ad,is a diagonal matrix who's

diagonals are the eigenvalues. This equation may be prpiredtby the inverse of the eigen-
vector matrix to obtain,

(7]~ [M][T] = [A] (1.176)

As it turns out, if each eigenvector’s norm is unity the eiggstor matrix’s inverse and trans-
pose are equal,

()" [M][T] = [A] (1.177)

As it turns out this scaling is exactly what the programméndatlab has decided upon. Proof
of their efforts may be seen in the following Matlab script,

%% Eigen Test

1%
2 %
3
4
5
6
7
8

Norm=T (:,1)"*T(:,1);
fprintf (' Norm of eigenvector %i i
end
% Transpose==Inverse???
T'-inv (T)
% M==T'*M*T 2?72°?
T'*M*T

Figure 1.18: Eigen Matlab Listing

Any symmetric matrix may be placed in this routine, lines Ft@nd the results will be
the same. The matlab routiee g will return two matrices[T is our transformation matrix,
line 8 and[T] in equations 1.175 - 1.177, and the mattixn line 8 of the Matlab script is
the same as our eigenvalue mat¥. From lines 10 to 13 of our Matlab script that indeed
the programmers of Matlab have chosen to scale our eigeargect unity. As a result, the
transformation matrix;7’], inverse and transpose is equal, line 15 of the Matlab sd¥ipally,
line 17 of the Matlab script proves equation 1.177.

Now that we have determined a way of making a matrix diagdmaligh a transformation
[T], how do we obtain our basis functions from this transfororei From a previous section,
beginning on page 24, we became familiar with the concepp®lyhomial transformations.
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1.11. FUNCTIONAL TO MATRIX MAPPINGS 45

We may write a polynomial transformation for our basis fumas as,

2) =Y Tk (z) (1.178)

Where); (z) is a set of non-orthogonal basis functions, equation 1.168(x) is a set of
orthogonal basis functions, afg;, is a transformation matrix between the two sets of basi
functions. If we insert this relationship into our bilinearm we obtain,

B (i, ¥, <Z Tk, Z ngsoz) (1.179)

Since this equation is based on a bilinear form and the toamsftion matrices are constants,
this equation becomes,

5 5
B (i) = > > TuB (k1) (1.180)

k=11=1

Since the basis functions;, (x) are orthogonal, the terii (¢, ¢;) is a diagonal matrix. This
matrix is in fact thelA] term in equation 1.177. Likewise the bilinear fol$r(v;, ;) is the
same as th@\/] matrix in equation 1.177. As a result, equation 1.180 may tikem as,

M;; = Z Z Ti AT (1.181)

k=11=1

The two summations in this equation represent matrix midéfions. However, the summa-
tion on/ could be written correct if we transposed the last matrix,

5
M;; = Z Z T ATy (1.182)

k=11=1

With this alteration we may immediately case this equatitia matrix notation,
[M] = [T][A]T] (1.183)

Comparing this equation with equations 1.176 and 1.177 wieathe significance of the
transformation matrix generated from an eigenvalue/vestalysis. This transformation ma-
trix is in fact the transformation matrix between the twoypamial basis functions, one
non-orthogonal and one orthogonal.

Example

Given a basis function set shown below,

Y1(z) =1
Yo (z) =2
V3 () = 22 (1.184
Ya(z) =2z
Y5 (z) =
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v1 () —0.0062
2 (x) 0.0472
w3 (x) p= 0.2142
4 () —0.6019
w5 () 0.7679

1
1/2
1/3
1/4
1/5

—0.0062  0.0472
0.1167 —0.4327
[T]= | —0.5062 0.6674
0.7672  0.2330
—0.3762 —0.5576

We shall select our domain 8s< = < 1.
After integrating our terms we obtain the matrix,

1/2
1/3
1/4
1/5
1/6

0.
—0.
—0.

0.

0.

0.1167
—0.4327
—0.7241

0.2759

0.4458

1/3
1/4
1/5
1/6
1/7

2142
7241
1205
3096
5652

As as result the orthogonal functions become,

—0.5062
0.6674
—0.1205
0.4249
0.3216

1/4
1/5
1/6
1/7
1/8

1/5
1/6
1/7
1/8
1/9

—0.6019
0.2759
0.4249
0.4439
0.4290

Where the matrix form of equation 1.178 was used,

{p} =111 (¢} = [T]" (¥}

0.7672
0.2330
0.3096
0.4439
0.2534

We wish to generate a orthogonal basis function via eigeryetctor analysis. We beg|n
by constructing oufM | matrix by using the bilinear form,

M;; = B (¢, ;) = / Twi (z)¥; (x) dz

Using Matlab’s eig function we obtain the transformatiortiixa

0.7679
0.4458
0.3216
0.2534
0.2098

—0.3762
—0.5576
0.5652
0.4290
0.2098

(1.185

(1.186

(1.187

(1.189

One very important property should be noted at this poirgrepolynomial function in the
orthogonal setp; (z), is fourth order. This may be seen by multiplying out equafidl88 as
well as by inspecting the transformation matrix. Compai®tbsult to that of equation 1.134
and 1.135 where the polynomial order of teinis i*” order. As a result the transformation
matrix shown in equation 1.135 contains zeros above theodilg This same feature exist
in Legendre and Tchebychev polynomials, equation 1.86 a®d. 1As a result, the eigen-
value/vector construction of orthogonal functions wilt generate hierarchial type functions.
Any function who's polynomial order of termis i*" order can be used as hierarchial func-
tions. This property may be easily observed by inspectirgrdgmsformation matrix between
the basis functions in question and monomial basis funstidve shall use these hierarchial

basis functions extensively in the finite element method.
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A complete listing of the Matlab script which produces théhogonal basis function is
shown in figure??.

%% Orthogonal Construction via Eigen
% Dr. Fithen
clear
syms x
% Define our monomials
psi=[1;x;x"2;x"3;x"4]
for i=1:5
for j=1:5
M(i,j)=int (psi (i) *psi(3j),0,1)
end
end

% convert symbolic to double

M=subs (M)

%Call Matlab's eig function

%$to determine eignevalus & vectors

[T,L]l=eig (M) H
%Use transformation matrix to obtain new

%orthogonal basis functions, varphi

varphi=T"'*psi

for i=1:5 i

for j=1:5

Mnew (i, j)=int (varphi (i) *varphi(j),0,1);

end "
end

Mnew=subs (Mnew)

Figure 1.19: Eigen Construction Matlab Script

In this script, line 6 defines our monomials. This line may hargged to suit the given
polynomial functions. Lines 7 to 11 produce our mass mataxiour bilinear form. Line
13 simply converts this matrix from a symbolic form into ddeiprecision. Line 16 calls
Matlab’s internal eigenvalue/vector routine. This roatieturns the transformation matrix as
T, and the diagonal matrix ds. The transformation matrixT, is a matrix who’s columns
are the eigenvectors of matr While the matrix,L, contains the eigenvalues bfon its
diagonals. The new orthogonal basis functions are obtaméde 19. line 20 through 25
calculate the new mass matrix, which is diagonal. In fact thatrix is exactly the matrix
returns ag on line 16.
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1.12 Problems

CHAPTER 1. FUNCTIONAL PRELIMINARIES

Problem 1

Fourier series expansion.

Given the following function, determine and plot the 5, 10, 20 and 100 term (truncat

A

R2

-0.5

Y

Figure 1.20: Problem 1

The function may be written as,

Problem 2

cated) Fourier series expansion .

Given the following function, determine and plot the 10, 500, 200 and 1000 term (trufp-
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Problem 2: Cont

0.5r

-0.5
—T -2 -1 0
X

Figure 1.21: Problem 2: Step Function

1 2 s

Notice that this function is discontinuousiat= 0. Explain how this discontinuous functi@in
be represented by a set of functions that is continuous?

Problem 3

cated) Fourier series expansion.

Given the following function, determine and plot the 10, 20, 200 and 500 term (truf§y-

0.4
0

Figure 1.22: Problem 3
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Problem 3: Cont

The function may be written as,

1.0 for 0<2<2
f(z) = —%—%mg—i—%z—i—%m?’ for 2<2<5
0.5 for 5<z <10

NOTE: Use the transformation, equation 1.151, to transtbeiunction back to the Fourigr
space—n < x < 7, to perform the integrations.

Problem 4

Given the following function, determine and plot the 2, 5, 1B, and 20 term (truncat
Legendre series expansion.

Figure 1.23: Problem 3

NOTE: Use the transformation, equation 1.151, to transfierfunction back to the Leg@-
endre space;1 < x < 1, to perform the integrations.

Use the transformation matrix between Legendre and morglignomials to prove th
resulting polynomials give the Taylor series expansioretin function, equation 1.55.

Problem 5
Given the following function, determine and plot the 2, 5, 18, and 20 term (truncat

Tchebychev series expansion.
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Problem 5: Cont

Figure 1.24: Problem 3

NOTE: Use the transformation, equation 1.151, to transfémen function back to th
Tchebychev space;1 < z < 1, to perform the integrations.

Problem 6

Develop a transformation matrix between Legendre and Tyattedy polynomials. Test th
transformation matrix by proving the results from Problemilitransform to the results
problem 5.

Problem 7

Develop a transformation matrix between Legendre polyatsw@ind the orthonormal polf-
nomials, equation 1.134 up to tenth order. Note: More terntisn@ed to be developef,

figure 1.14.
{y} = [TY"] {P}
Prove that this transformation is the same as,

{9} = [T*"] {P} = [T¥7] [T™7] {T} = [T*7] [T”7] [T7™] {M}

Problem 8

Determine the Legendre series expansion of the functioengiv problem 1. Plot a trug-
cated series using 5, 10, 20 and 50 terms.

Problem 9

Determine the Tchebychev series expansion of the functieengn problem 1. Plot
truncated series using 5, 10, 20 and 50 terms.

OV

Copy: ' R. Fithen

D




6”

SO

52 CHAPTER 1. FUNCTIONAL PRELIMINARIES

Problem 10

Determine the Orthonormal series expansion, equatio1df3he function given in pro
lem 1. Plot a truncated series using 5, 10, 20 and 50 terms: Wixdre terms will need t
be developed, figure 1.14.

Problem 11

Develop a new set of functions, shown below.

x3 (z) =P2 (z) — Po (2)
x4 (z) =P3 (z) — P1 (2)
X5 (z) =Pa (z) — P2 (2)
xe (z) =Ps (z) — P3 (2)
x7 (z) =P (z) — P4 (2)
xs (z) =Pr (z) — Ps (2)

Plot these six functions in the domainl < z < 4+1. Comment on the end condi-
tions.

Develop the orthogonal (mass) matrix, equation 1.172.

From the orthogonality (mass) matrix are these functiottsogronal?

Use the Gram-Schmidt to develop a set of orthonormal funstitom these six fun
tions.

Problem 12

Develop a new set of functions, shown below.

x3 () =Tz (z) = To ()
x4 () =T (2) = Th (z)
xs (2) =T (2) — T2 (z)
X6 () =75 (z) — T3 (x)
x7 (z) =76 (x) — Ta (2)
xs (¢) =Tz (z) — T5 (x)

Plot these six functions in the domain]l < z < +1. Comment on the end condi-
tions.

Develop the orthogonal (mass) matrix, equation 1.172.

From the orthogonality (mass) matrix are these functiottsogional?

Use the Gram-Schmidt to develop a set of orthonormal funstitom these six fun

tions.
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Problem 13
Use the set of functions shown below and do the following.

i

Xi(z) =z (1l —x)

Plot these six functions in the domain]l < z < +1. Comment on the end condi-
tions.

Develop the orthogonal (mass) matrix, equation 1.172.

From the orthogonality (mass) matrix are these functiotisogonal?

Use the Gram-Schmidt to develop a set of orthonormal funstitom these six fun
tions.

Problem 14

Work the last three problems and compare the orthonormatifums generated from t
Gram-Schmidt process. Are they the same functions or difii€r \Why?

Problem 15

Which of the following function sets are complete? Why or wiog?
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CHAPTER 1. FUNCTIONAL PRELIMINARIES

Problem 15: Cont

o1 () = cos ()
$2(z) =2z
¢3 (z) = z°
b4 (7) = 23
o5 (1) = 2*
b6 (1) = 2°
¢7 (x) = °
o1 (x) = cos ()
$2(z) =2z
¢3 (z) = z°
¢4 () = 2°
o5 (1) = 2*
b6 (1) = 2°
¢7 (z) = °
(]51 ({E) =1
p2(z) =2
¢3 (z) = z°
¢4 () = 2
¢5 (1) = 24
b6 (1) = 2°
¢7 (x) = 2°
(251 ((E) =1
¢o(x) =3+ 7
¢3(x) =3z + 322 +1
b4 (z) = T2 + 1023
¢s5 (z) = 5t
b6 (v) = 2% + 32% + 2
7 () = 2°
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Problem 16

Use the Gram-Schmidt process to produce a set of orthondumetions from:

Problem 17

Which of the following are bilinear or linear functionals?

5)
& B(f,g>:/0 O o
1
B B(f,g>=/0 19 g da
Lof o
s B(f.o) = | o % 4o
182 82
B(.0)= [ 5k 50
182
E o= 8—;;(150
Lof
1 9 2
e o= [ %]

Q(f)=/01fdz
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Problem 18

Use the Gram-Schmidt process to produce a set of ten orthmadunctions from th
function set shown in equation 1.155. Note: The domain mest kX 2 < 2.

(2k—1)7r>

(@) = cos ( (2~ 2) 25

Problem 19

Using the concepts from figure 1.16 and equation 1.151 toldp\eset of functions wit
the following end conditions:

Cid =0
El dw e="2)
feZh) =0
flxz=9) =
B df _
42 |20
daf -0
@ dw =10
daf =0
42|20

Use the Gram-Schmidt method to convert these function sets brthonormal set of fun§-
tions.

Problem 20

Use the functions defined in problems 10 and 11 above andajeseaiew set of functio
usingan alteredGram-Schmidt orthonormalization process. Thitred Gram-Schmid
orthonormalization process uses the following bilineanfo

T doi do,
Bwo) = [ e

Plot and compare these functions to those orthonormalifumegenerated in problems R0
and 11.

Find the matrixf;;, see below, for the functions defined in problems 10 and l1addition
find the matrixk;; for our Gram-Schmidt generated orthonormal functions.

L deps do,
Kij:B(¢ia¢j):/_1 di %dz

NOTE: This matrix will be a 5x5 since only 5 terms are includtegroblems 10 and 11.
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Problem 21

Using the Gram-Schmidt process definition, and the condéeptsthe definition of biline
forms prove the following.

B (d)lv 1/)2) =0
Where, repeating the first three lines of the Gram-Schmiultgss we have.

o1
VB (¢1,61)

P2 = ¢ — V1B (1, d2)

Y1 =

B (¢2,42)
Problem 22
Given a set of functions,
Y1 (2) = (1-2)@
P2 (z) = (1 —x)2?
P3(z) = (1 —x)2®
Ya(z) = (1 - =)z
Ps (z) = (1 —x)2°
Y6 (z) = (1 —x) 2°
Yr(z) =(1—z)2"

Using the Eigenvalue/vector process, figure 1.19, to deterthe mass matrix form it b

linear form. Then determine a set of orthogonal functiorisgisigenvalue/vector analysl.
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